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Bound orbits of slowly 
evolving black holes

How do orbits 
react when a black 

hole spacetime 
slowly changes?

Based on arXiv:1806.09022
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Motivation
Very nice paper by Isoyama & Nakano (1705.03869): 
Down-horizon fluxes for post-Newtonian templates, 
foundation for examining the influence of horizon 
coupling on comparable mass binary black holes.

Also quantifies effect of the secular change in black 
hole mass and spin due to this down-horizon flux: 

Allow masses (m1, m2) and spins (s1, s2) to grow, with 
growth rate determined by flux on the horizon.

Take formulas, promote mass and spin: 
m1,2 → m1,2(t) 
s1,2 → s1,2(t)
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Motivation
Very nice paper by Isoyama & Nakano (1705.03869): 
Down-horizon fluxes for post-Newtonian templates, 
foundation for examining the influence of horizon 
coupling on comparable mass binary black holes.

Also quantifies effect of the secular change in black 
hole mass and spin due to this down-horizon flux: 

Allow masses (m1, m2) and spins (s1, s2) to grow, with 
growth rate determined by flux on the horizon.

Does this calculation correctly model how 
inspiral is modified when masses and 

spins change with time?
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Consider integrable motion in a potential V.  
Motion confined to the surface of a torus in phase 

space, dimensions given by motion’s actions:

Imagine potential changes: V 
continually and smoothly changes 

over a time interval t1 ≤ t ≤ t2.

@V

@t
⌧ V

T
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Take motion to be integrable at every 
moment in interval; take change to be 

“slow” compared to orbital timescale T.
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Consider integrable motion in a potential V.  
Motion confined to the surface of a torus in phase 

space, dimensions given by motion’s actions:

Imagine potential changes: V 
continually and smoothly changes 

over a time interval t1 ≤ t ≤ t2.

Actions are then adiabatically invariant: 
Jk → Jk as V → V + δV

(Good discussion: Binney & Tremaine, “Galactic Dynamics”)
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Consider integrable motion in a potential V.  
Motion confined to the surface of a torus in phase 

space, dimensions given by motion’s actions:

Imagine potential changes: V 
continually and smoothly changes 

over a time interval t1 ≤ t ≤ t2.

Key point for us: This theorem makes no 
assumptions about “V,” other than that it admits 

integrable motion and that its change is slow.
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Consider integrable motion in a potential V.  
Motion confined to the surface of a torus in phase 

space, dimensions given by motion’s actions:

Imagine potential changes: V 
continually and smoothly changes 

over a time interval t1 ≤ t ≤ t2.

Often applied to orbits in Newtonian gravity, 
but it applies equally well to integrable 

orbits in general relativity.
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Newtonian example
Intuition: Examine implications of adiabatic 

invariance for Newtonian orbits.

Consider a Newtonian 
binary with total mass 

M, reduced mass µ

Orbit has semi-latus rectum p, eccentricity e 
[periapsis p/[1+e], apoapsis p/(1-e)], inclination ι

J� = µ
p

Mp cos ◆ ⌘ Lz
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Newtonian example
Imagine that the mass increases: M → M + δM.  

Orbit must adjust for actions to be fixed:

Orbit maintains shape, but shrinks 
in response to mass growth.

Enforce this, 
find:
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Newtonian example
This change has important implications for the 

orbital frequency:

Change mass by δM, 
include change δp:

Kepler’s law 
using (p, e):

⌦ =

s
M(1� e2)3
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Suppose we missed adiabatic 
invariance … we would miss 
the contribution from δp.
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Black hole orbits: 
Circular and equatorial

For circular and equatorial black hole orbits,
Jr = 0
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<latexit sha1_base64="tNx5/6dYRgMChmYkkPherQXz/gE=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9CKeKlhbaELZbCft0s0m7E6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTHNo8UQmuhMyA1IoaKFACZ1UA4tDCe1wdDP120+gjUjUA45TCGI2UCISnKGV/Luej0NARq+o26vW3Lo7A10mXkFqpECzV/3y+wnPYlDIJTOm67kpBjnTKLiEScXPDKSMj9gAupYqFoMJ8tnNE3pilT6NEm1LIZ2pvydyFhszjkPbGTMcmkVvKv7ndTOMLoNcqDRDUHy+KMokxYROA6B9oYGjHFvCuBb2VsqHTDOONqaKDcFbfHmZPJ7VPbfu3Z/XGtdFHGVyRI7JKfHIBWmQW9IkLcJJSp7JK3lzMufFeXc+5q0lp5g5JH/gfP4AmdSQug==</latexit><latexit sha1_base64="tNx5/6dYRgMChmYkkPherQXz/gE=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9CKeKlhbaELZbCft0s0m7E6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTHNo8UQmuhMyA1IoaKFACZ1UA4tDCe1wdDP120+gjUjUA45TCGI2UCISnKGV/Luej0NARq+o26vW3Lo7A10mXkFqpECzV/3y+wnPYlDIJTOm67kpBjnTKLiEScXPDKSMj9gAupYqFoMJ8tnNE3pilT6NEm1LIZ2pvydyFhszjkPbGTMcmkVvKv7ndTOMLoNcqDRDUHy+KMokxYROA6B9oYGjHFvCuBb2VsqHTDOONqaKDcFbfHmZPJ7VPbfu3Z/XGtdFHGVyRI7JKfHIBWmQW9IkLcJJSp7JK3lzMufFeXc+5q0lp5g5JH/gfP4AmdSQug==</latexit><latexit sha1_base64="tNx5/6dYRgMChmYkkPherQXz/gE=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9CKeKlhbaELZbCft0s0m7E6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTHNo8UQmuhMyA1IoaKFACZ1UA4tDCe1wdDP120+gjUjUA45TCGI2UCISnKGV/Luej0NARq+o26vW3Lo7A10mXkFqpECzV/3y+wnPYlDIJTOm67kpBjnTKLiEScXPDKSMj9gAupYqFoMJ8tnNE3pilT6NEm1LIZ2pvydyFhszjkPbGTMcmkVvKv7ndTOMLoNcqDRDUHy+KMokxYROA6B9oYGjHFvCuBb2VsqHTDOONqaKDcFbfHmZPJ7VPbfu3Z/XGtdFHGVyRI7JKfHIBWmQW9IkLcJJSp7JK3lzMufFeXc+5q0lp5g5JH/gfP4AmdSQug==</latexit><latexit sha1_base64="tNx5/6dYRgMChmYkkPherQXz/gE=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9CKeKlhbaELZbCft0s0m7E6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTHNo8UQmuhMyA1IoaKFACZ1UA4tDCe1wdDP120+gjUjUA45TCGI2UCISnKGV/Luej0NARq+o26vW3Lo7A10mXkFqpECzV/3y+wnPYlDIJTOm67kpBjnTKLiEScXPDKSMj9gAupYqFoMJ8tnNE3pilT6NEm1LIZ2pvydyFhszjkPbGTMcmkVvKv7ndTOMLoNcqDRDUHy+KMokxYROA6B9oYGjHFvCuBb2VsqHTDOONqaKDcFbfHmZPJ7VPbfu3Z/XGtdFHGVyRI7JKfHIBWmQW9IkLcJJSp7JK3lzMufFeXc+5q0lp5g5JH/gfP4AmdSQug==</latexit>

J� = Lz = ±µ rv
1⌥ 2av3 + a2v4p
1� 3v2 ± 2av3

<latexit sha1_base64="9QO96xt93oI9wJFVXSUKQgH0Nwg="></latexit><latexit sha1_base64="9QO96xt93oI9wJFVXSUKQgH0Nwg="></latexit><latexit sha1_base64="9QO96xt93oI9wJFVXSUKQgH0Nwg="></latexit><latexit sha1_base64="9QO96xt93oI9wJFVXSUKQgH0Nwg="></latexit>

�r

r
= �1± 3av3(1� 2v2)� a2v4(3� 10v2)⌥ 5a3v7

(1± av3)(1� 6v2 ± 8av3 � 3a2v4)

�M

M
<latexit sha1_base64="zuDicc50xsze72SfCswZluWofes="></latexit><latexit sha1_base64="zuDicc50xsze72SfCswZluWofes="></latexit><latexit sha1_base64="zuDicc50xsze72SfCswZluWofes="></latexit><latexit sha1_base64="zuDicc50xsze72SfCswZluWofes="></latexit>

±6v3(1� 2v2 ⌥ 4av4(1� 4v2)� 6a2v7

(1± av3)(1� 6v2 ± 8av3 � 3a2v4)

�S

M2
<latexit sha1_base64="e1RThqgaYRBHFTxytclq8Bksgyo="></latexit><latexit sha1_base64="e1RThqgaYRBHFTxytclq8Bksgyo="></latexit><latexit sha1_base64="e1RThqgaYRBHFTxytclq8Bksgyo="></latexit><latexit sha1_base64="e1RThqgaYRBHFTxytclq8Bksgyo="></latexit>

Allow M→M + δM, S→S + δS, enforce invariance:
[where a = S/M2, v = (M/r)1/2]



Scott A. Hughes, MIT Capra21, 28 June 2018

Black hole orbits: 
Circular and equatorial

For circular and equatorial black hole orbits,
Jr = 0

<latexit sha1_base64="dyt1i6lJR4LOFCLLFjFEdH0DpbA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6EU8VbAf0Iay2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH80kQT+iQ8lDzqixUvu+r8g1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7Wfzc6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrPfyYArZEZMLKFMcXsrYSOqKDM2oZINwVt+eZW0LqqeW/UeLiv1mzyOIpzAKZyDBzWowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ax3WOiA==</latexit><latexit sha1_base64="dyt1i6lJR4LOFCLLFjFEdH0DpbA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6EU8VbAf0Iay2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH80kQT+iQ8lDzqixUvu+r8g1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7Wfzc6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrPfyYArZEZMLKFMcXsrYSOqKDM2oZINwVt+eZW0LqqeW/UeLiv1mzyOIpzAKZyDBzWowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ax3WOiA==</latexit><latexit sha1_base64="dyt1i6lJR4LOFCLLFjFEdH0DpbA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6EU8VbAf0Iay2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH80kQT+iQ8lDzqixUvu+r8g1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7Wfzc6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrPfyYArZEZMLKFMcXsrYSOqKDM2oZINwVt+eZW0LqqeW/UeLiv1mzyOIpzAKZyDBzWowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ax3WOiA==</latexit><latexit sha1_base64="dyt1i6lJR4LOFCLLFjFEdH0DpbA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6EU8VbAf0Iay2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH80kQT+iQ8lDzqixUvu+r8g1cfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7Wfzc6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrPfyYArZEZMLKFMcXsrYSOqKDM2oZINwVt+eZW0LqqeW/UeLiv1mzyOIpzAKZyDBzWowx00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ax3WOiA==</latexit>

J✓ = 0
<latexit sha1_base64="tNx5/6dYRgMChmYkkPherQXz/gE=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9CKeKlhbaELZbCft0s0m7E6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTHNo8UQmuhMyA1IoaKFACZ1UA4tDCe1wdDP120+gjUjUA45TCGI2UCISnKGV/Luej0NARq+o26vW3Lo7A10mXkFqpECzV/3y+wnPYlDIJTOm67kpBjnTKLiEScXPDKSMj9gAupYqFoMJ8tnNE3pilT6NEm1LIZ2pvydyFhszjkPbGTMcmkVvKv7ndTOMLoNcqDRDUHy+KMokxYROA6B9oYGjHFvCuBb2VsqHTDOONqaKDcFbfHmZPJ7VPbfu3Z/XGtdFHGVyRI7JKfHIBWmQW9IkLcJJSp7JK3lzMufFeXc+5q0lp5g5JH/gfP4AmdSQug==</latexit><latexit sha1_base64="tNx5/6dYRgMChmYkkPherQXz/gE=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9CKeKlhbaELZbCft0s0m7E6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTHNo8UQmuhMyA1IoaKFACZ1UA4tDCe1wdDP120+gjUjUA45TCGI2UCISnKGV/Luej0NARq+o26vW3Lo7A10mXkFqpECzV/3y+wnPYlDIJTOm67kpBjnTKLiEScXPDKSMj9gAupYqFoMJ8tnNE3pilT6NEm1LIZ2pvydyFhszjkPbGTMcmkVvKv7ndTOMLoNcqDRDUHy+KMokxYROA6B9oYGjHFvCuBb2VsqHTDOONqaKDcFbfHmZPJ7VPbfu3Z/XGtdFHGVyRI7JKfHIBWmQW9IkLcJJSp7JK3lzMufFeXc+5q0lp5g5JH/gfP4AmdSQug==</latexit><latexit sha1_base64="tNx5/6dYRgMChmYkkPherQXz/gE=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9CKeKlhbaELZbCft0s0m7E6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTHNo8UQmuhMyA1IoaKFACZ1UA4tDCe1wdDP120+gjUjUA45TCGI2UCISnKGV/Luej0NARq+o26vW3Lo7A10mXkFqpECzV/3y+wnPYlDIJTOm67kpBjnTKLiEScXPDKSMj9gAupYqFoMJ8tnNE3pilT6NEm1LIZ2pvydyFhszjkPbGTMcmkVvKv7ndTOMLoNcqDRDUHy+KMokxYROA6B9oYGjHFvCuBb2VsqHTDOONqaKDcFbfHmZPJ7VPbfu3Z/XGtdFHGVyRI7JKfHIBWmQW9IkLcJJSp7JK3lzMufFeXc+5q0lp5g5JH/gfP4AmdSQug==</latexit><latexit sha1_base64="tNx5/6dYRgMChmYkkPherQXz/gE=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9CKeKlhbaELZbCft0s0m7E6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTHNo8UQmuhMyA1IoaKFACZ1UA4tDCe1wdDP120+gjUjUA45TCGI2UCISnKGV/Luej0NARq+o26vW3Lo7A10mXkFqpECzV/3y+wnPYlDIJTOm67kpBjnTKLiEScXPDKSMj9gAupYqFoMJ8tnNE3pilT6NEm1LIZ2pvydyFhszjkPbGTMcmkVvKv7ndTOMLoNcqDRDUHy+KMokxYROA6B9oYGjHFvCuBb2VsqHTDOONqaKDcFbfHmZPJ7VPbfu3Z/XGtdFHGVyRI7JKfHIBWmQW9IkLcJJSp7JK3lzMufFeXc+5q0lp5g5JH/gfP4AmdSQug==</latexit>

J� = Lz = ±µ rv
1⌥ 2av3 + a2v4p
1� 3v2 ± 2av3

<latexit sha1_base64="9QO96xt93oI9wJFVXSUKQgH0Nwg="></latexit><latexit sha1_base64="9QO96xt93oI9wJFVXSUKQgH0Nwg="></latexit><latexit sha1_base64="9QO96xt93oI9wJFVXSUKQgH0Nwg="></latexit><latexit sha1_base64="9QO96xt93oI9wJFVXSUKQgH0Nwg="></latexit>

Allow M→M + δM, S→S + δS, enforce invariance:
[where a = S/M2, v = (M/r)1/2]

�r

r
! � 1

1� 6v2
�M

M
± 6v3(1� 2v2)

1� 6v2
�S

M2
<latexit sha1_base64="3HJWYh9Qi9C7P/rJrF8OSwe4fPw="></latexit><latexit sha1_base64="3HJWYh9Qi9C7P/rJrF8OSwe4fPw="></latexit><latexit sha1_base64="3HJWYh9Qi9C7P/rJrF8OSwe4fPw="></latexit><latexit sha1_base64="3HJWYh9Qi9C7P/rJrF8OSwe4fPw="></latexit>

(a → 0 limit)



Scott A. Hughes, MIT Capra21, 28 June 2018

Black hole orbits: Generic
When all three actions are non-zero, enforcing 

δJk = 0 changes p, e, ι.

0 =
@Jk
@M

+
@Jk
@S

+
@Jk
@p

+
@Jk
@e

+
@Jk
@◆

<latexit sha1_base64="AVIKPWW5ZuGKFEftdVYxs8yMJyM=">AAAClnichVFbS8MwGE3rbc5bdS+CL8EhCMJoRVAflLEhiiBMdBdYS0mzdAtLLySpMEp/kn/GN/+N6VZQN5kfBE7OOV8u5/NiRoU0zU9NX1ldW98obZa3tnd294z9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuNmrnffCBc0Cl/lJCZOgIYh9SlGUlGu8W7CG2j7HOHUjhGXFDH46I6z791TBs+WO17+dcT/OohyLDPYNJIoc42qWTOnBReBVYAqKKrlGh/2IMJJQEKJGRKib5mxdNL8TMxIVrYTQWKEx2hI+gqGKCDCSaexZvBEMQPoR1ytUMIp+7MjRYEQk8BTzgDJkZjXcvIvrZ9I/8pJaRgnkoR4dpGfMCgjmM8IDignWLKJAghzqt4K8QipcKSaZFmFYM1/eRF0zmuWWbOeL6r1RhFHCRyBY3AKLHAJ6uABtEAbYK2iXWsNrakf6rf6nX4/s+pa0VMBv0pvfQHvl8sT</latexit><latexit sha1_base64="AVIKPWW5ZuGKFEftdVYxs8yMJyM=">AAAClnichVFbS8MwGE3rbc5bdS+CL8EhCMJoRVAflLEhiiBMdBdYS0mzdAtLLySpMEp/kn/GN/+N6VZQN5kfBE7OOV8u5/NiRoU0zU9NX1ldW98obZa3tnd294z9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuNmrnffCBc0Cl/lJCZOgIYh9SlGUlGu8W7CG2j7HOHUjhGXFDH46I6z791TBs+WO17+dcT/OohyLDPYNJIoc42qWTOnBReBVYAqKKrlGh/2IMJJQEKJGRKib5mxdNL8TMxIVrYTQWKEx2hI+gqGKCDCSaexZvBEMQPoR1ytUMIp+7MjRYEQk8BTzgDJkZjXcvIvrZ9I/8pJaRgnkoR4dpGfMCgjmM8IDignWLKJAghzqt4K8QipcKSaZFmFYM1/eRF0zmuWWbOeL6r1RhFHCRyBY3AKLHAJ6uABtEAbYK2iXWsNrakf6rf6nX4/s+pa0VMBv0pvfQHvl8sT</latexit><latexit sha1_base64="AVIKPWW5ZuGKFEftdVYxs8yMJyM=">AAAClnichVFbS8MwGE3rbc5bdS+CL8EhCMJoRVAflLEhiiBMdBdYS0mzdAtLLySpMEp/kn/GN/+N6VZQN5kfBE7OOV8u5/NiRoU0zU9NX1ldW98obZa3tnd294z9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuNmrnffCBc0Cl/lJCZOgIYh9SlGUlGu8W7CG2j7HOHUjhGXFDH46I6z791TBs+WO17+dcT/OohyLDPYNJIoc42qWTOnBReBVYAqKKrlGh/2IMJJQEKJGRKib5mxdNL8TMxIVrYTQWKEx2hI+gqGKCDCSaexZvBEMQPoR1ytUMIp+7MjRYEQk8BTzgDJkZjXcvIvrZ9I/8pJaRgnkoR4dpGfMCgjmM8IDignWLKJAghzqt4K8QipcKSaZFmFYM1/eRF0zmuWWbOeL6r1RhFHCRyBY3AKLHAJ6uABtEAbYK2iXWsNrakf6rf6nX4/s+pa0VMBv0pvfQHvl8sT</latexit><latexit sha1_base64="AVIKPWW5ZuGKFEftdVYxs8yMJyM=">AAAClnichVFbS8MwGE3rbc5bdS+CL8EhCMJoRVAflLEhiiBMdBdYS0mzdAtLLySpMEp/kn/GN/+N6VZQN5kfBE7OOV8u5/NiRoU0zU9NX1ldW98obZa3tnd294z9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuNmrnffCBc0Cl/lJCZOgIYh9SlGUlGu8W7CG2j7HOHUjhGXFDH46I6z791TBs+WO17+dcT/OohyLDPYNJIoc42qWTOnBReBVYAqKKrlGh/2IMJJQEKJGRKib5mxdNL8TMxIVrYTQWKEx2hI+gqGKCDCSaexZvBEMQPoR1ytUMIp+7MjRYEQk8BTzgDJkZjXcvIvrZ9I/8pJaRgnkoR4dpGfMCgjmM8IDignWLKJAghzqt4K8QipcKSaZFmFYM1/eRF0zmuWWbOeL6r1RhFHCRyBY3AKLHAJ6uABtEAbYK2iXWsNrakf6rf6nX4/s+pa0VMBv0pvfQHvl8sT</latexit>

J · �O = ��H
<latexit sha1_base64="dYnAocG/fUy/+Bzwav/TS8IOjh0=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCG0uigm6Eopvixgr2Ak0ok8mkHTq5MHMilJAHceOruHGhiBsXgm/jtI1gW38Y+PnOOcw5vxsLrsA0v42FxaXlldXCWnF9Y3Nru7Sz21RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHVyP6q0HJhWPwnsYxswJSC/kPqcENOqWTu2AQF/56U1mUy8C22MCyC+8zfAlPp5mtaxbKpsVcyw8b6zclFGuerf0aXsRTQIWAhVEqY5lxuCkRAKngmVFO1EsJnRAeqyjbUgCppx0fFyGDzXxsB9J/ULAY/p3IiWBUsPA1Z3jDWdrI/hfrZOAf+GkPIwTYCGdfOQnAkOER0lhj0tGQQy1IVRyvSumfSIJBZ1nUYdgzZ48b5onFcusWHdn5epVHkcB7aMDdIQsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4x8Zg9Nyfj6AQZjoos=</latexit><latexit sha1_base64="dYnAocG/fUy/+Bzwav/TS8IOjh0=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCG0uigm6Eopvixgr2Ak0ok8mkHTq5MHMilJAHceOruHGhiBsXgm/jtI1gW38Y+PnOOcw5vxsLrsA0v42FxaXlldXCWnF9Y3Nru7Sz21RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHVyP6q0HJhWPwnsYxswJSC/kPqcENOqWTu2AQF/56U1mUy8C22MCyC+8zfAlPp5mtaxbKpsVcyw8b6zclFGuerf0aXsRTQIWAhVEqY5lxuCkRAKngmVFO1EsJnRAeqyjbUgCppx0fFyGDzXxsB9J/ULAY/p3IiWBUsPA1Z3jDWdrI/hfrZOAf+GkPIwTYCGdfOQnAkOER0lhj0tGQQy1IVRyvSumfSIJBZ1nUYdgzZ48b5onFcusWHdn5epVHkcB7aMDdIQsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4x8Zg9Nyfj6AQZjoos=</latexit><latexit sha1_base64="dYnAocG/fUy/+Bzwav/TS8IOjh0=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCG0uigm6Eopvixgr2Ak0ok8mkHTq5MHMilJAHceOruHGhiBsXgm/jtI1gW38Y+PnOOcw5vxsLrsA0v42FxaXlldXCWnF9Y3Nru7Sz21RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHVyP6q0HJhWPwnsYxswJSC/kPqcENOqWTu2AQF/56U1mUy8C22MCyC+8zfAlPp5mtaxbKpsVcyw8b6zclFGuerf0aXsRTQIWAhVEqY5lxuCkRAKngmVFO1EsJnRAeqyjbUgCppx0fFyGDzXxsB9J/ULAY/p3IiWBUsPA1Z3jDWdrI/hfrZOAf+GkPIwTYCGdfOQnAkOER0lhj0tGQQy1IVRyvSumfSIJBZ1nUYdgzZ48b5onFcusWHdn5epVHkcB7aMDdIQsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4x8Zg9Nyfj6AQZjoos=</latexit><latexit sha1_base64="dYnAocG/fUy/+Bzwav/TS8IOjh0=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCG0uigm6Eopvixgr2Ak0ok8mkHTq5MHMilJAHceOruHGhiBsXgm/jtI1gW38Y+PnOOcw5vxsLrsA0v42FxaXlldXCWnF9Y3Nru7Sz21RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHVyP6q0HJhWPwnsYxswJSC/kPqcENOqWTu2AQF/56U1mUy8C22MCyC+8zfAlPp5mtaxbKpsVcyw8b6zclFGuerf0aXsRTQIWAhVEqY5lxuCkRAKngmVFO1EsJnRAeqyjbUgCppx0fFyGDzXxsB9J/ULAY/p3IiWBUsPA1Z3jDWdrI/hfrZOAf+GkPIwTYCGdfOQnAkOER0lhj0tGQQy1IVRyvSumfSIJBZ1nUYdgzZ48b5onFcusWHdn5epVHkcB7aMDdIQsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4x8Zg9Nyfj6AQZjoos=</latexit>

Organize the equations we need to solve:

Write this where

J =

0

@
@Jr/@p @Jr/@e @Jr/@◆
@J✓/@p @J✓/@e @J✓/@◆
@J�/@p @J�/@e @J�/@◆

1

A

<latexit sha1_base64="xWSXtVmkkJ1cMp8xidoc1CiGJfg="></latexit><latexit sha1_base64="xWSXtVmkkJ1cMp8xidoc1CiGJfg="></latexit><latexit sha1_base64="xWSXtVmkkJ1cMp8xidoc1CiGJfg="></latexit><latexit sha1_base64="xWSXtVmkkJ1cMp8xidoc1CiGJfg="></latexit>

�O =

0

@
�p
�e
�◆

1

A

<latexit sha1_base64="wybX/qw4FlkCoiNuSVf2rQEBmAQ="></latexit><latexit sha1_base64="wybX/qw4FlkCoiNuSVf2rQEBmAQ="></latexit><latexit sha1_base64="wybX/qw4FlkCoiNuSVf2rQEBmAQ="></latexit><latexit sha1_base64="wybX/qw4FlkCoiNuSVf2rQEBmAQ="></latexit>

�H =

0

@
(@Jr/@M)�M + (@Jr/@S)�S
(@J✓/@M)�M + (@J✓/@S)�S
(@J�/@M)�M + (@J�/@S)�S

1

A
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Black hole orbits: Generic
When all three actions are non-zero, enforcing 

δJk = 0 changes p, e, ι.

0 =
@Jk
@M

+
@Jk
@S

+
@Jk
@p

+
@Jk
@e

+
@Jk
@◆

<latexit sha1_base64="AVIKPWW5ZuGKFEftdVYxs8yMJyM=">AAAClnichVFbS8MwGE3rbc5bdS+CL8EhCMJoRVAflLEhiiBMdBdYS0mzdAtLLySpMEp/kn/GN/+N6VZQN5kfBE7OOV8u5/NiRoU0zU9NX1ldW98obZa3tnd294z9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuNmrnffCBc0Cl/lJCZOgIYh9SlGUlGu8W7CG2j7HOHUjhGXFDH46I6z791TBs+WO17+dcT/OohyLDPYNJIoc42qWTOnBReBVYAqKKrlGh/2IMJJQEKJGRKib5mxdNL8TMxIVrYTQWKEx2hI+gqGKCDCSaexZvBEMQPoR1ytUMIp+7MjRYEQk8BTzgDJkZjXcvIvrZ9I/8pJaRgnkoR4dpGfMCgjmM8IDignWLKJAghzqt4K8QipcKSaZFmFYM1/eRF0zmuWWbOeL6r1RhFHCRyBY3AKLHAJ6uABtEAbYK2iXWsNrakf6rf6nX4/s+pa0VMBv0pvfQHvl8sT</latexit><latexit sha1_base64="AVIKPWW5ZuGKFEftdVYxs8yMJyM=">AAAClnichVFbS8MwGE3rbc5bdS+CL8EhCMJoRVAflLEhiiBMdBdYS0mzdAtLLySpMEp/kn/GN/+N6VZQN5kfBE7OOV8u5/NiRoU0zU9NX1ldW98obZa3tnd294z9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuNmrnffCBc0Cl/lJCZOgIYh9SlGUlGu8W7CG2j7HOHUjhGXFDH46I6z791TBs+WO17+dcT/OohyLDPYNJIoc42qWTOnBReBVYAqKKrlGh/2IMJJQEKJGRKib5mxdNL8TMxIVrYTQWKEx2hI+gqGKCDCSaexZvBEMQPoR1ytUMIp+7MjRYEQk8BTzgDJkZjXcvIvrZ9I/8pJaRgnkoR4dpGfMCgjmM8IDignWLKJAghzqt4K8QipcKSaZFmFYM1/eRF0zmuWWbOeL6r1RhFHCRyBY3AKLHAJ6uABtEAbYK2iXWsNrakf6rf6nX4/s+pa0VMBv0pvfQHvl8sT</latexit><latexit sha1_base64="AVIKPWW5ZuGKFEftdVYxs8yMJyM=">AAAClnichVFbS8MwGE3rbc5bdS+CL8EhCMJoRVAflLEhiiBMdBdYS0mzdAtLLySpMEp/kn/GN/+N6VZQN5kfBE7OOV8u5/NiRoU0zU9NX1ldW98obZa3tnd294z9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuNmrnffCBc0Cl/lJCZOgIYh9SlGUlGu8W7CG2j7HOHUjhGXFDH46I6z791TBs+WO17+dcT/OohyLDPYNJIoc42qWTOnBReBVYAqKKrlGh/2IMJJQEKJGRKib5mxdNL8TMxIVrYTQWKEx2hI+gqGKCDCSaexZvBEMQPoR1ytUMIp+7MjRYEQk8BTzgDJkZjXcvIvrZ9I/8pJaRgnkoR4dpGfMCgjmM8IDignWLKJAghzqt4K8QipcKSaZFmFYM1/eRF0zmuWWbOeL6r1RhFHCRyBY3AKLHAJ6uABtEAbYK2iXWsNrakf6rf6nX4/s+pa0VMBv0pvfQHvl8sT</latexit><latexit sha1_base64="AVIKPWW5ZuGKFEftdVYxs8yMJyM=">AAAClnichVFbS8MwGE3rbc5bdS+CL8EhCMJoRVAflLEhiiBMdBdYS0mzdAtLLySpMEp/kn/GN/+N6VZQN5kfBE7OOV8u5/NiRoU0zU9NX1ldW98obZa3tnd294z9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuNmrnffCBc0Cl/lJCZOgIYh9SlGUlGu8W7CG2j7HOHUjhGXFDH46I6z791TBs+WO17+dcT/OohyLDPYNJIoc42qWTOnBReBVYAqKKrlGh/2IMJJQEKJGRKib5mxdNL8TMxIVrYTQWKEx2hI+gqGKCDCSaexZvBEMQPoR1ytUMIp+7MjRYEQk8BTzgDJkZjXcvIvrZ9I/8pJaRgnkoR4dpGfMCgjmM8IDignWLKJAghzqt4K8QipcKSaZFmFYM1/eRF0zmuWWbOeL6r1RhFHCRyBY3AKLHAJ6uABtEAbYK2iXWsNrakf6rf6nX4/s+pa0VMBv0pvfQHvl8sT</latexit>

J · �O = ��H
<latexit sha1_base64="dYnAocG/fUy/+Bzwav/TS8IOjh0=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCG0uigm6Eopvixgr2Ak0ok8mkHTq5MHMilJAHceOruHGhiBsXgm/jtI1gW38Y+PnOOcw5vxsLrsA0v42FxaXlldXCWnF9Y3Nru7Sz21RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHVyP6q0HJhWPwnsYxswJSC/kPqcENOqWTu2AQF/56U1mUy8C22MCyC+8zfAlPp5mtaxbKpsVcyw8b6zclFGuerf0aXsRTQIWAhVEqY5lxuCkRAKngmVFO1EsJnRAeqyjbUgCppx0fFyGDzXxsB9J/ULAY/p3IiWBUsPA1Z3jDWdrI/hfrZOAf+GkPIwTYCGdfOQnAkOER0lhj0tGQQy1IVRyvSumfSIJBZ1nUYdgzZ48b5onFcusWHdn5epVHkcB7aMDdIQsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4x8Zg9Nyfj6AQZjoos=</latexit><latexit sha1_base64="dYnAocG/fUy/+Bzwav/TS8IOjh0=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCG0uigm6Eopvixgr2Ak0ok8mkHTq5MHMilJAHceOruHGhiBsXgm/jtI1gW38Y+PnOOcw5vxsLrsA0v42FxaXlldXCWnF9Y3Nru7Sz21RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHVyP6q0HJhWPwnsYxswJSC/kPqcENOqWTu2AQF/56U1mUy8C22MCyC+8zfAlPp5mtaxbKpsVcyw8b6zclFGuerf0aXsRTQIWAhVEqY5lxuCkRAKngmVFO1EsJnRAeqyjbUgCppx0fFyGDzXxsB9J/ULAY/p3IiWBUsPA1Z3jDWdrI/hfrZOAf+GkPIwTYCGdfOQnAkOER0lhj0tGQQy1IVRyvSumfSIJBZ1nUYdgzZ48b5onFcusWHdn5epVHkcB7aMDdIQsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4x8Zg9Nyfj6AQZjoos=</latexit><latexit sha1_base64="dYnAocG/fUy/+Bzwav/TS8IOjh0=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCG0uigm6Eopvixgr2Ak0ok8mkHTq5MHMilJAHceOruHGhiBsXgm/jtI1gW38Y+PnOOcw5vxsLrsA0v42FxaXlldXCWnF9Y3Nru7Sz21RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHVyP6q0HJhWPwnsYxswJSC/kPqcENOqWTu2AQF/56U1mUy8C22MCyC+8zfAlPp5mtaxbKpsVcyw8b6zclFGuerf0aXsRTQIWAhVEqY5lxuCkRAKngmVFO1EsJnRAeqyjbUgCppx0fFyGDzXxsB9J/ULAY/p3IiWBUsPA1Z3jDWdrI/hfrZOAf+GkPIwTYCGdfOQnAkOER0lhj0tGQQy1IVRyvSumfSIJBZ1nUYdgzZ48b5onFcusWHdn5epVHkcB7aMDdIQsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4x8Zg9Nyfj6AQZjoos=</latexit><latexit sha1_base64="dYnAocG/fUy/+Bzwav/TS8IOjh0=">AAACHHicbZDLSsNAFIYnXmu9VV26GSyCG0uigm6Eopvixgr2Ak0ok8mkHTq5MHMilJAHceOruHGhiBsXgm/jtI1gW38Y+PnOOcw5vxsLrsA0v42FxaXlldXCWnF9Y3Nru7Sz21RRIilr0EhEsu0SxQQPWQM4CNaOJSOBK1jLHVyP6q0HJhWPwnsYxswJSC/kPqcENOqWTu2AQF/56U1mUy8C22MCyC+8zfAlPp5mtaxbKpsVcyw8b6zclFGuerf0aXsRTQIWAhVEqY5lxuCkRAKngmVFO1EsJnRAeqyjbUgCppx0fFyGDzXxsB9J/ULAY/p3IiWBUsPA1Z3jDWdrI/hfrZOAf+GkPIwTYCGdfOQnAkOER0lhj0tGQQy1IVRyvSumfSIJBZ1nUYdgzZ48b5onFcusWHdn5epVHkcB7aMDdIQsdI6qqIbqqIEoekTP6BW9GU/Gi/FufExaF4x8Zg9Nyfj6AQZjoos=</latexit>

Organize the equations we need to solve:

Write this
�O =

0

@
�p
�e
�◆

1

A

<latexit sha1_base64="wybX/qw4FlkCoiNuSVf2rQEBmAQ="></latexit><latexit sha1_base64="wybX/qw4FlkCoiNuSVf2rQEBmAQ="></latexit><latexit sha1_base64="wybX/qw4FlkCoiNuSVf2rQEBmAQ="></latexit><latexit sha1_base64="wybX/qw4FlkCoiNuSVf2rQEBmAQ="></latexit>

Solve: �O = �J�1 · �H
<latexit sha1_base64="GT+kFMTMPqxNQaZr6ZbECPDU48A=">AAACInicbVDLSsNAFJ34rPUVdelmsAhuWhIR1IVQdFPcWME+oKllMpm0QycPZm6EEvItbvwVNy4UdSX4MSZpBdt6YODMOfdy7z12KLgCw/jSFhaXlldWC2vF9Y3NrW19Z7epgkhS1qCBCGTbJooJ7rMGcBCsHUpGPFuwlj28yvzWA5OKB/4djELW9Ujf5y6nBFKpp59bDhNALI/AQLnxTYIvcPn3d53cx2UzsagTwHRdLSn29JJRMXLgeWJOSAlNUO/pH5YT0MhjPlBBlOqYRgjdmEjgVLCkaEWKhYQOSZ91UuoTj6lunJ+Y4MNUcbAbyPT5gHP1b0dMPKVGnp1W5ivOepn4n9eJwD3rxtwPI2A+HQ9yI4EhwFle2OGSURCjlBAqeborpgMiCYU01SwEc/bkedI8rphGxbw9KVUvJ3EU0D46QEfIRKeoimqojhqIokf0jF7Rm/akvWjv2ue4dEGb9OyhKWjfP/GvpIU=</latexit><latexit sha1_base64="GT+kFMTMPqxNQaZr6ZbECPDU48A=">AAACInicbVDLSsNAFJ34rPUVdelmsAhuWhIR1IVQdFPcWME+oKllMpm0QycPZm6EEvItbvwVNy4UdSX4MSZpBdt6YODMOfdy7z12KLgCw/jSFhaXlldWC2vF9Y3NrW19Z7epgkhS1qCBCGTbJooJ7rMGcBCsHUpGPFuwlj28yvzWA5OKB/4djELW9Ujf5y6nBFKpp59bDhNALI/AQLnxTYIvcPn3d53cx2UzsagTwHRdLSn29JJRMXLgeWJOSAlNUO/pH5YT0MhjPlBBlOqYRgjdmEjgVLCkaEWKhYQOSZ91UuoTj6lunJ+Y4MNUcbAbyPT5gHP1b0dMPKVGnp1W5ivOepn4n9eJwD3rxtwPI2A+HQ9yI4EhwFle2OGSURCjlBAqeborpgMiCYU01SwEc/bkedI8rphGxbw9KVUvJ3EU0D46QEfIRKeoimqojhqIokf0jF7Rm/akvWjv2ue4dEGb9OyhKWjfP/GvpIU=</latexit><latexit sha1_base64="GT+kFMTMPqxNQaZr6ZbECPDU48A=">AAACInicbVDLSsNAFJ34rPUVdelmsAhuWhIR1IVQdFPcWME+oKllMpm0QycPZm6EEvItbvwVNy4UdSX4MSZpBdt6YODMOfdy7z12KLgCw/jSFhaXlldWC2vF9Y3NrW19Z7epgkhS1qCBCGTbJooJ7rMGcBCsHUpGPFuwlj28yvzWA5OKB/4djELW9Ujf5y6nBFKpp59bDhNALI/AQLnxTYIvcPn3d53cx2UzsagTwHRdLSn29JJRMXLgeWJOSAlNUO/pH5YT0MhjPlBBlOqYRgjdmEjgVLCkaEWKhYQOSZ91UuoTj6lunJ+Y4MNUcbAbyPT5gHP1b0dMPKVGnp1W5ivOepn4n9eJwD3rxtwPI2A+HQ9yI4EhwFle2OGSURCjlBAqeborpgMiCYU01SwEc/bkedI8rphGxbw9KVUvJ3EU0D46QEfIRKeoimqojhqIokf0jF7Rm/akvWjv2ue4dEGb9OyhKWjfP/GvpIU=</latexit><latexit sha1_base64="GT+kFMTMPqxNQaZr6ZbECPDU48A=">AAACInicbVDLSsNAFJ34rPUVdelmsAhuWhIR1IVQdFPcWME+oKllMpm0QycPZm6EEvItbvwVNy4UdSX4MSZpBdt6YODMOfdy7z12KLgCw/jSFhaXlldWC2vF9Y3NrW19Z7epgkhS1qCBCGTbJooJ7rMGcBCsHUpGPFuwlj28yvzWA5OKB/4djELW9Ujf5y6nBFKpp59bDhNALI/AQLnxTYIvcPn3d53cx2UzsagTwHRdLSn29JJRMXLgeWJOSAlNUO/pH5YT0MhjPlBBlOqYRgjdmEjgVLCkaEWKhYQOSZ91UuoTj6lunJ+Y4MNUcbAbyPT5gHP1b0dMPKVGnp1W5ivOepn4n9eJwD3rxtwPI2A+HQ9yI4EhwFle2OGSURCjlBAqeborpgMiCYU01SwEc/bkedI8rphGxbw9KVUvJ3EU0D46QEfIRKeoimqojhqIokf0jF7Rm/akvWjv2ue4dEGb9OyhKWjfP/GvpIU=</latexit>

Examples showing (δp, δe, δι) per unit (δM, δS) 
given in 1806.09022; Mathematica notebook 

for this will be on bhptoolkit.org soon.
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Application: Back reaction on 
spacetime of down-horizon flux 
Go back to circular and equatorial case … imagine, 
as in Isoyama and Nakano, that the mass and spin 

secularly evolve due to down-horizon flux.

Consider how orbital frequency changes due to 
change to hole’s mass and spin:

⌘ µ⌦�M + �⌦�S
<latexit sha1_base64="yt121TwYN468szsdCHdp9ZU7XT8=">AAACG3icbVDLSgNBEJyN7/iKevQyGARBCLtB0GPQixdR0Twgu4TeSW8cnNldZ2YDIeQ/vPgrXjwo4knw4N84Sfbgq6ChqOqmuytMBdfGdT+dwszs3PzC4lJxeWV1bb20sdnQSaYY1lkiEtUKQaPgMdYNNwJbqUKQocBmeHsy9pt9VJon8bUZpBhI6MU84gyMlTqlqo93Ge9TX2Yd/1xiD6jfRWGAntF96mvek5AbuX7VKZXdijsB/Uu8nJRJjotO6d3vJiyTGBsmQOu256YmGIIynAkcFf1MYwrsFnrYtjQGiToYTn4b0V2rdGmUKFuxoRP1+8QQpNYDGdpOCeZG//bG4n9eOzPRUTDkcZoZjNl0UZQJahI6Dop2uUJmxMASYIrbWym7AQXM2DiLNgTv98t/SaNa8dyKd3lQrh3ncSySbbJD9ohHDkmNnJILUieM3JNH8kxenAfnyXl13qatBSef2SI/4Hx8AYBnoG8=</latexit><latexit sha1_base64="yt121TwYN468szsdCHdp9ZU7XT8=">AAACG3icbVDLSgNBEJyN7/iKevQyGARBCLtB0GPQixdR0Twgu4TeSW8cnNldZ2YDIeQ/vPgrXjwo4knw4N84Sfbgq6ChqOqmuytMBdfGdT+dwszs3PzC4lJxeWV1bb20sdnQSaYY1lkiEtUKQaPgMdYNNwJbqUKQocBmeHsy9pt9VJon8bUZpBhI6MU84gyMlTqlqo93Ge9TX2Yd/1xiD6jfRWGAntF96mvek5AbuX7VKZXdijsB/Uu8nJRJjotO6d3vJiyTGBsmQOu256YmGIIynAkcFf1MYwrsFnrYtjQGiToYTn4b0V2rdGmUKFuxoRP1+8QQpNYDGdpOCeZG//bG4n9eOzPRUTDkcZoZjNl0UZQJahI6Dop2uUJmxMASYIrbWym7AQXM2DiLNgTv98t/SaNa8dyKd3lQrh3ncSySbbJD9ohHDkmNnJILUieM3JNH8kxenAfnyXl13qatBSef2SI/4Hx8AYBnoG8=</latexit><latexit sha1_base64="yt121TwYN468szsdCHdp9ZU7XT8=">AAACG3icbVDLSgNBEJyN7/iKevQyGARBCLtB0GPQixdR0Twgu4TeSW8cnNldZ2YDIeQ/vPgrXjwo4knw4N84Sfbgq6ChqOqmuytMBdfGdT+dwszs3PzC4lJxeWV1bb20sdnQSaYY1lkiEtUKQaPgMdYNNwJbqUKQocBmeHsy9pt9VJon8bUZpBhI6MU84gyMlTqlqo93Ge9TX2Yd/1xiD6jfRWGAntF96mvek5AbuX7VKZXdijsB/Uu8nJRJjotO6d3vJiyTGBsmQOu256YmGIIynAkcFf1MYwrsFnrYtjQGiToYTn4b0V2rdGmUKFuxoRP1+8QQpNYDGdpOCeZG//bG4n9eOzPRUTDkcZoZjNl0UZQJahI6Dop2uUJmxMASYIrbWym7AQXM2DiLNgTv98t/SaNa8dyKd3lQrh3ncSySbbJD9ohHDkmNnJILUieM3JNH8kxenAfnyXl13qatBSef2SI/4Hx8AYBnoG8=</latexit><latexit sha1_base64="yt121TwYN468szsdCHdp9ZU7XT8=">AAACG3icbVDLSgNBEJyN7/iKevQyGARBCLtB0GPQixdR0Twgu4TeSW8cnNldZ2YDIeQ/vPgrXjwo4knw4N84Sfbgq6ChqOqmuytMBdfGdT+dwszs3PzC4lJxeWV1bb20sdnQSaYY1lkiEtUKQaPgMdYNNwJbqUKQocBmeHsy9pt9VJon8bUZpBhI6MU84gyMlTqlqo93Ge9TX2Yd/1xiD6jfRWGAntF96mvek5AbuX7VKZXdijsB/Uu8nJRJjotO6d3vJiyTGBsmQOu256YmGIIynAkcFf1MYwrsFnrYtjQGiToYTn4b0V2rdGmUKFuxoRP1+8QQpNYDGdpOCeZG//bG4n9eOzPRUTDkcZoZjNl0UZQJahI6Dop2uUJmxMASYIrbWym7AQXM2DiLNgTv98t/SaNa8dyKd3lQrh3ncSySbbJD9ohHDkmNnJILUieM3JNH8kxenAfnyXl13qatBSef2SI/4Hx8AYBnoG8=</latexit>
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<latexit sha1_base64="JzOMqpIdcXovcuzBz1OOVIrLcHk="></latexit><latexit sha1_base64="JzOMqpIdcXovcuzBz1OOVIrLcHk="></latexit><latexit sha1_base64="JzOMqpIdcXovcuzBz1OOVIrLcHk="></latexit><latexit sha1_base64="JzOMqpIdcXovcuzBz1OOVIrLcHk="></latexit>
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Application: Back reaction on 
spacetime of down-horizon flux 
Go back to circular and equatorial case … imagine, 
as in Isoyama and Nakano, that the mass and spin 

secularly evolve due to down-horizon flux.

Imagine that increments of mass and spin 
accumulate with some rate:

d�⌦

dt
= µ⌦

dM

dt
+ �⌦

dS

dt
<latexit sha1_base64="VAA31GVOHfrjw1hfXXS4fdQ0HKA="></latexit><latexit sha1_base64="VAA31GVOHfrjw1hfXXS4fdQ0HKA="></latexit><latexit sha1_base64="VAA31GVOHfrjw1hfXXS4fdQ0HKA="></latexit><latexit sha1_base64="VAA31GVOHfrjw1hfXXS4fdQ0HKA="></latexit>

Go back to circular and equatorial case … imagine, 
as in Isoyama and Nakano, that the mass and spin 

secularly evolve due to down-horizon flux.

Balance rates of growth 
with down-horizon flux:

dM

dt
= �ĖH ,

dS

dt
= �L̇H

z
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Application: Back reaction on 
spacetime of down-horizon flux 
Go back to circular and equatorial case … imagine, 
as in Isoyama and Nakano, that the mass and spin 

secularly evolve due to down-horizon flux.

Imagine that increments of mass and spin 
accumulate with some rate:

d�⌦

dt
= µ⌦

dM

dt
+ �⌦

dS

dt
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Go back to circular and equatorial case … imagine, 
as in Isoyama and Nakano, that the mass and spin 

secularly evolve due to down-horizon flux.

Integrate over inspiral, compute phase shift 
δΦ due to secular evolution of black hole.
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Comparison: Enforcing adiabatic 
invariance vs not

Result: Leaving out 
the impact of 

adiabatic invariance 
underestimates the 

phase shift by a 
factor of roughly 20.
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Comparison: Enforcing adiabatic 
invariance vs not

Result: Leaving out 
the impact of 

adiabatic invariance 
underestimates the 

phase shift by a 
factor of roughly 20.

(Really small) x 20 = still really small.
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Possible use: Simple check of 
orbit-averaged 2nd order effect

  Possibly a useful result to bear in mind as 
2nd order results reach the point where 

they can do calculations like this.

Change to orbit plus change to spacetime can 
be mapped to a change in orbit integrals:

(�M, �S; �p, �e, �◆) �! (�E, �Q)
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These in turn can be mapped to orbit-averaged 
components of some piece of the second- 

order dissipative self force.


